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1. Introduction.—It is our main purpose to outline a proof of the following
theorem, for which only the necessity of condition (1.4) has previously been proved.
It has long been suspected that (1.4) is not sufficient.

TueoreM 1. In order that each entire function f(z) satisfying the conditions

f) = o)™ for some r < , (1.1)
f@y) = 0Q)e™  for somec < w, 1.2)
f(n) =0  foreachnin A, (1.3)
vanish identically, it 1s necessary and sufficient that
D) =1, (1.4)

where D(A) is the upper density of the set A.
The upper density D(4) is defined as usual by the formula
- . At
D(4) = lim sup % (1.5)
t— o
where A(f) is the number of integers n in A such that 0 <n < ¢. Theorem 1 pro-
vides an optimal extension of a fundamental theorem of Carlson which states that
if f(2) is an entire function satisfying (1.1) and (1.2) and if f(n) = 0 for each positive
integer n, then f(z2) = 0. W. H. J. Fuchs! has obtained a necessary and sufficient
condition that each function f(z) regular in the right half-plane and satisfying
(1.1), (1.2), and(1.3) vanish identically. His condition is different from ours, so
that there exists a set A of positive integers satisfying (1.4) but not Fuchs’s condi-
tion. .
Our proof of Theorem 1 will depend upon D.(4), a modified logarithmic density
of A, which is defined by
el

- 1
D (A) = inf lim sup —— .
1(A) A>1 x—-mp log A nz=:z n

(1.6)

In (1.6) and formulas which follow, a star on a 2, indicates that the index of sum-
mation is restricted toliein A. We prove

THEOREM 2. Theorem 1 remains valid if we replace (1.4) by the condition D (A) =
1.

THEOREM 3. For any set A of positive integers, D(A) = 114f and only if D1(4) = 1.

Theorem 1 then follows from Theorems 2 and 3.

2. Proof of the Sufficiency of the Condition D1(A) = 1.—We now assume that
Dr(4) = 1 and prove that each entire function satisfying (1.1), (1.2), and (1.3)
must vanish identically. Suppose, on the contrary, that there exists an entire
function f(z) satisfying (1.1), (1.2), and (1.3) for which f(z) = 0. There is no loss
of generality in assuming that f(0) = 1. Let the zeros of f(2) be denoted by z,
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2, ..., where 2z, = r, exp (#,). A modification of Carleman’s theorem yields
the inequality
A 1 /2 . 1 /2
ST Y e+ — f log |f(Ate™)| cos 0 do — —~f
n=t N AL o\ J—x/2 wt J _x/2

) At
tog 166)| cos 0.0 + o [ {y=2 — ()7} log |G (~ )| dy +

%,fot{“’ — (\)~% log |f@y)f(—iy)| dy = Zl+jl—L+j;+L @.1)

Known techniques? yield the estimates >, < K, i < K, £ > —-K, f <
(¢/m)logA+ K, fi < K. HereK = K(c, r, t) is independent of A and is bounded
forlarget. Applying these estimates to (2.1) and letting first £ and then A approach
infinity, we see that D.(4) < (¢/7) < 1, contradicting our hypothesis.

3. Proof of the Necessity of the Condition Dy(A) = 1.—We now assume that each
entire function f(z) satisfying (1.1), (1.2), and (1.3) vanishes identically, and prove
that D;(4) = 1. Suppose, on the contrary, that D,(4) <1. We prove the follow-
ing lemma.

Lemma 1. IfDp(A) < 1,then D(4) < 1.

To prove this lemma, we choose a number y for which D;(4) < ¢ <1. Wemay
choose a number A > 1 and then a number M > 0, so that

LI |
¥ - < vlogh fort> M. (3.1)
n=t¢
We shall prove that
A — N
D(A) < <1 3.2)
A—1
Let t > M, and put t = aA?, where M < a < AM and p is a nonnegative integer.
p—1
Put By = A(ed**) — A(ad*), k=0,1,...,p — 1, so that A(t) < a + 2
E=0
B;. Using (3.1) to estimate the B;, we find that
l axk;l alkt1 l a)\k"'l
A2 -2 -2 _
v log %. n o *ZI-B. n 8 aNt+l — By + 2

which implies that By < 2 + aA*+! {1 — A ¥}, A(f) = A(a)?) < afl — AV}
AA? — 1)/(A — 1) + a + 2p, and hence that (3.2) holds. This completes the proof
of the lemma.

The conclusion D(A) < 1 implies? that the function f, (z), defined by

fa@ =1 (1- %),

satisfies (1.1), (1.2), and (1.3) and therefore violates our hypothesis, establishing
the necessity of the condition Dy(4) = 1.

4. Proof of Theorems 1 and 3.—We can now complete the proofs of Theorems
1 and 3 by proving Theorem 3. First, suppose that D(4) = 1. Then Lemma 1
implies that D.(4) = 1. Suppose, next, that D;(4) = 1. Then each entire func-
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tion satisfying (1.1), (1.2), and (1.3) must vanish identically. But if D(4) < 1,
then the function f,i(z) above satisfies (1.1), (1.2), and (1.3), and the condition
fa(0) = 1. Hence D(A) = 1. This completes the proofs of the theorems.
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